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Abstract
Cross-couplings between a massless spin-two field (described in the
free limit by the Pauli-Fierz action) and an Abelian three-form gauge
field in D = 11 are investigated in the framework of the deformation the-
ory based on local BRST cohomology. These consistent interactions are
obtained on the grounds of smoothness in the coupling constant, local-
ity, Lorentz covariance, Poincare´ invariance, and the presence of at most
two derivatives in the interacting Lagrangian. Our results confirm the
uniqueness of the eleven-dimensional interactions between a graviton and
a three-form prescribed by General Relativity.
PACS number: 11.10.Ef
1 Introduction
A key point in the development of the BRST formalism was its cohomological
understanding, which allowed, among others, a useful investigation of many in-
teresting aspects related to the perturbative renormalization problem [1]–[5], the
anomaly-tracking mechanism [5]–[10], the simultaneous study of local and rigid
invariances of a given theory [11] as well as the reformulation of the construction
of consistent interactions in gauge theories [12]–[16] in terms of the deformation
theory [17]–[21] or, actually, in terms of the deformation of the solution to the
master equation. The impossibility of cross-interactions among several Einstein
(Weyl) gravitons, see Ref. [22] (or respectively Ref. [23]), and of cross-couplings
among different Einstein gravitons in the presence of matter fields [22, 24]–[27]
has recently been shown by means of cohomological arguments. In the same
context the uniqueness of D = 4, N = 1 supergravity was proved in Ref. [28].
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On the other hand, D = 11, N = 1 supergravity [29, 30] has regained a
central role with the advent of M -theory, whose QFT (local) limit it is. Of
the many special properties of D = 11, N = 1 supergravity, one of the most
striking is that it forbids a cosmological term. The proof of this result has been
done in Ref. [31] using a combined technique — the standard Noether current
method and a cohomological approach. It is known that the field content of
D = 11, N = 1 supergravity is quite simple; it comprises a graviton, a massless
Majorana spin-3/2 field, and a three-form gauge field. The analysis of all possi-
ble interactions in D = 11 related to this field content necessitates the study of
cross-couplings involving each pair of these sorts of fields and then the construc-
tion of simultaneous interactions among all the three types of fields. One of the
most efficient and meanwhile elegant approaches to the problem of constructing
consistent interactions in gauge field theories1 is that based on the deformation
technique [17] combined with local BRST cohomology [32, 33]. This approach
relies on computing the deformations of the solution to the master equation for
the interacting theory with the help of the ‘free’ BRST cohomology. Our main
aim is to construct all consistent interactions in D = 11 that can be added to a
free theory describing a Pauli-Fierz graviton, a massless Rarita-Schwinger grav-
itino, and an Abelian three-form gauge field from the deformation of the ‘free’
solution to the master equation such that the interactions satisfy some general
and quite natural assumptions (smoothness in the coupling constant, locality,
Lorentz covariance, Poincare´ invariance, and preservation of the differential or-
der of the free field equations at the level of the coupled theory). One of the
final outcomes of this procedure will be the quest for the uniqueness of D = 11,
N = 1 SUGRA. In order to organize the results as logical as possible, to ex-
pose in detail the cohomological aspects involved, and (last but not least) make
various comments on and comparisons with other results from the literature we
chose to split our work into four main parts. The first three are dedicated to the
construction of consistent interactions that involve only two of the three types
of fields under considerations: i) a graviton and a three-form (present paper);
ii) a three-form and massless gravitini [34]; iii) massless gravitini and a gravi-
ton [35]. The fourth and last part [36] will put the things together and present
what happens when all these fields are present: what new vertices appear, how
consistent are those obtained from the previous steps, and how does the overall
coupled theory looks like.
In this work we implement the first of the four steps explained in the above,
namely we analyze the cross-couplings between a massless spin-two field (de-
scribed in the free limit by the Pauli-Fierz action [37, 38]) and an Abelian
three-form gauge field in eleven spacetime dimensions. The cross-interactions
are obtained under the hypotheses of smoothness of the interactions in the
coupling constant, locality, Poincare´ invariance, Lorentz covariance, and the
presence of at most two derivatives in the Lagrangian of the interacting the-
ory (the same number of derivatives like in the free Lagrangian). Our results
1By ‘consistent’ we mean that the interacting theory preserves both the field content and
the number of independent gauge symmetries of the free one.
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are obtained in the context of the deformation of the solution to the master
equation.
We compute the interaction terms to order two in the coupling constant.
In this way we obtain that the first two orders of the interacting Lagrangian
resulting from our setting originate in the development of the full interacting
Lagrangian (in eleven spacetime dimensions)
L˜ = 2
λ2
√
g
(
R− 2λ2Λ)+ Lh−A,
where the cross-coupling part reads as
Lh−A = − 1
2 · 4!
√
gF¯µνρλF¯
µνρλ + λqǫµ1...µ11 A¯µ1µ2µ3 F¯µ4...µ7 F¯µ8...µ11 ,
with g = det gµν , Λ the cosmological constant, λ the coupling constant, and q an
arbitrary, real constant. Consequently, we show the uniqueness of interactions
described by L˜. The above interacting Lagrangian for Λ = 0 is a part of D = 11,
N = 1 SUGRA Lagrangian. We note that the graviton sector is allowed at this
stage to include a cosmological term, unlike D = 11, N = 1 SUGRA. This is not
a surprise since it is the simultaneous presence of all fields (supplemented with
massless gravitini) that ensures the annihilation of the cosmological constant,
as it will be made clear in Ref. [36].
This paper is organized in six sections. In section 2 we construct the BRST
symmetry of the free model, consisting in a Pauli-Fierz and an Abelian three-
form gauge field. Section 3 briefly addresses the deformation procedure based
on BRST symmetry. In section 4 we compute the first two orders of the interac-
tions between the massless spin-two field and an Abelian three-form gauge field.
Section 5 is devoted to analyzing the deformed theory obtained in the previous
section. In this context we obtain a possible candidate that describes the inter-
acting theory to all orders in the coupling constant. Section 6 is dedicated to the
investigation of the uniqueness of interactions described by the candidate em-
phasized in the previous section. The last section exposes the main conclusions
on this paper.
2 Free model: Lagrangian formulation and BRST
symmetry
Our starting point is represented by a free Lagrangian action, written as the sum
between the linearized Hilbert-Einstein action (also known as the Pauli-Fierz
action) and the action for an Abelian three-form gauge field in eleven spacetime
dimensions
SL0 [hµν , Aµνρ] =
∫
d11x
(
−1
2
(∂µhνρ) (∂
µhνρ) + (∂µh
µρ) (∂νhνρ)
− (∂µh) (∂νhνµ) + 1
2
(∂µh) (∂
µh)− 1
2 · 4!FµνρλF
µνρλ
)
3
≡
∫
d11x
(Lh + LA0 ) . (1)
Throughout the paper we work with the flat metric of ‘mostly minus’ signature,
σµν = (+− · · · −). In the above h denotes the trace of the Pauli-Fierz field,
h = σµνh
µν , and Fµνρλ denotes the field-strength of the three-form gauge field
(Fµνρλ ≡ ∂[µAνρλ]). The notation [µ . . . ν] (respectively (µ . . . ν)) signifies anti-
symmetry (respectively symmetry) with respect to all indices between brackets
without normalization factors (i.e., the independent terms appear only once and
are not multiplied by overall numerical factors). The theory described by action
(1) possesses an Abelian generating set of gauge transformations
δǫ,εhµν = ∂(µǫν), δǫ,εAµνρ = ∂[µενρ], (2)
where the gauge parameters ǫΓ1 ≡ {ǫµ, εµν} are bosonic functions, with the last
set completely antisymmetric. We observe that if in (2) we make the transfor-
mations
εµν → ε(θ)µν = ∂[µθν], (3)
then the gauge variation of the three-form identically vanishes
δε(θ)Aµνρ ≡ 0. (4)
Moreover, if in (3) we perform the changes
θµ → θ(φ)µ = ∂µφ, (5)
with φ an arbitrary scalar field, then the transformed gauge parameters from
(3) identically vanish
ε
(θ(φ))
µν ≡ 0. (6)
Meanwhile, there is no nonvanishing local transformation of φ that annihilates
θ
(φ)
µ of the form (5), and hence no further local reducibility identity. All these
allow us to conclude that the generating set of gauge transformations given
in (2) is off-shell, second-stage reducible. It is obvious that the accompanying
gauge algebra is Abelian.
In order to construct the BRST symmetry for (1) we introduce the field,
ghost, and antifield spectra
ΦΓ0 = (hµν , Aµνρ) , Φ
∗
Γ0 = (h
∗µν , A∗µνρ) (7)
ηΓ1 = (ηµ, Cµν) , η
∗
Γ1 = (η
∗µ, C∗µν) , (8)
ηΓ2 = (Cµ) , η
∗
Γ2 = (C
∗µ) , (9)
ηΓ3 = (C) , η∗Γ3 = (C
∗) . (10)
The fermionic ghosts ηΓ1 respectively correspond to the bosonic gauge parame-
ters ǫΓ1 from (2), the bosonic ghosts for ghosts ηΓ2 are associated with the first-
stage reducibility parameters θµ in (3), while the fermionic ghost for ghost for
ghost ηΓ3 is present due to the second-stage reducibility parameter φ from (5).
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The star variables represent the antifields of the corresponding fields/ghosts.
Their Grassmann parities are obtained via the standard rule of the BRST
method ε (χ∗Γ) =
(
ε
(
χΓ
)
+ 1
)
mod 2, where we employed the notations
χΓ =
(
ΦΓ0 , ηΓ1 , ηΓ2 , ηΓ3
)
, χ∗Γ =
(
Φ∗Γ0 , η
∗
Γ1 , η
∗
Γ2 , η
∗
Γ3
)
. (11)
Since both the gauge generators and the reducibility functions for this model
are field-independent, it follows that the BRST differential s reduces to
s = δ + γ, (12)
where δ is the Koszul-Tate differential and γ denotes the exterior longitudinal
derivative. The Koszul-Tate differential is graded in terms of the antighost
number (agh, agh (δ) = −1, agh (γ) = 0) and enforces a resolution of the algebra
of smooth functions defined on the stationary surface of field equations for action
(1), C∞ (Σ), Σ : δSL0 /δΦ
α0 = 0. The exterior longitudinal derivative is graded
in terms of the pure ghost number (pgh, pgh (γ) = 1, pgh (δ) = 0) and is
correlated with the original gauge symmetry via its cohomology in pure ghost
number zero computed in C∞ (Σ), which is isomorphic to the algebra of physical
observables for this free theory. These two degrees of the generators (7)–(10)
from the BRST complex are valued as
pgh
(
ΦΓ0
)
= 0, pgh
(
ηΓk
)
= k, (13)
pgh
(
Φ∗Γ0
)
= 0, pgh
(
η∗Γk
)
= 0, (14)
agh
(
ΦΓ0
)
= 0, agh
(
ηΓk
)
= 0, (15)
agh
(
Φ∗Γ0
)
= 1, agh
(
η∗Γk
)
= k + 1, (16)
for k = 1, 3. The actions of the differentials δ and γ on the generators from the
BRST complex are given by
δh∗µν = 2Hµν , δA∗µνρ =
1
3!
∂λF
µνρλ, (17)
δη∗µ = −2∂νh∗µν , δC∗µν = −3∂ρA∗µνρ, (18)
δC∗µ = −2∂νC∗µν , δC∗ = −∂µC∗µ, δχΓ = 0, (19)
γχ∗Γ = 0, γhµν = ∂(µην), γAµνρ = ∂[µCνρ], (20)
γηµ = 0, γCµν = ∂[µCν], γCµ = ∂µC, γC = 0. (21)
In the above Hµν = Kµν − 12σµνK is the linearized Einstein tensor, with Kµν
and K the linearized Ricci tensor and respectively the linearized scalar curva-
ture, both obtained from the linearized Riemann tensor Kµναβ =
1
2∂[µhν][α,β]
via its trace and respectively double trace: Kµα = σ
νβKµναβ and respectively
K = σµασνβKµναβ .
The BRST differential is known to have a canonical action in a structure
named antibracket and denoted by the symbol (, ) (s· = (·, S)), which is obtained
by considering the fields/ghosts respectively conjugated to the corresponding
antifields. The generator of the BRST symmetry is a bosonic functional of ghost
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number zero, which is solution to the classical master equation (S, S) = 0. The
full solution to the master equation for the free model under study reads as
Sh,A = SL0 +
∫
d11x
(
h∗µν∂(µην) +A
∗µνρ∂[µCνρ] + C
∗µν∂[µCν] + C
∗µ∂µC
)
.
(22)
The solution to the master equation encodes all the information on the gauge
structure of a given theory.
3 Deformation of the solution to the master equa-
tion: a brief review
We begin with a “free” gauge theory, described by a Lagrangian action SL0
[
ΦΓ0
]
,
invariant under some gauge transformations δǫΦ
Γ0 = ZΓ0Γ1ǫ
Γ1 , i.e.
δSL0
δΦΓ0
ZΓ0Γ1 =
0, and consider the problem of constructing consistent interactions among the
fields ΦΓ0 such that the couplings preserve the field spectrum and the original
number of gauge symmetries. This matter is addressed by means of reformulat-
ing the problem of constructing consistent interactions as a deformation problem
of the solution to the master equation corresponding to the “free” theory [17].
Such a reformulation is possible due to the fact that the solution to the master
equation contains all the information on the gauge structure of the theory. If
an interacting gauge theory can be consistently constructed, then the solution
S to the master equation associated with the “free” theory, (S, S) = 0, can be
deformed into a solution S¯
S → S¯ = S + λS1 + λ2S2 + · · · = S + λ
∫
dDxa+ λ2
∫
dDx b + · · · (23)
of the master equation for the deformed theory(
S¯, S¯
)
= 0, (24)
such that both the ghost and antifield spectra of the initial theory are preserved.
Equation (24) splits, according to the various orders in the coupling constant
(deformation parameter) λ, into a tower of equations:
(S, S) = 0 (25)
2 (S1, S) = 0 (26)
2 (S2, S) + (S1, S1) = 0 (27)
(S3, S) + (S1, S2) = 0 (28)
...
Equation (25) is fulfilled by hypothesis. The next equation requires that
the first-order deformation of the solution to the master equation, S1, is a co-
cycle of the “free” BRST differential s, sS1 = 0. However, only cohomologically
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nontrivial solutions to (26) should be taken into account, since the BRST-exact
ones can be eliminated by some (in general nonlinear) field redefinitions. This
means that S1 pertains to the ghost number zero cohomological space of s,
H0 (s), which is generically nonempty because it is isomorphic to the space of
physical observables of the “free” theory. It has been shown (by of the triviality
of the antibracket map in the cohomology of the BRST differential) that there
are no obstructions in finding solutions to the remaining equations, namely
(27)–(28), etc. However, the resulting interactions may be nonlocal and there
might even appear obstructions if one insists on their locality. The analysis of
these obstructions can be done with the help of cohomological techniques.
4 Consistent interactions between the Pauli-Fierz
field and an Abelian three-form gauge field
4.1 Standard material: basic cohomologies
The aim of this section is to investigate the cross-couplings that can be intro-
duced between a Pauli-Fierz field and an Abelian three-form gauge field. This
matter is addressed in the context of the antifield-BRST deformation proce-
dure described in the above and relies on computing the solutions to equations
(26)–(28), etc., with the help of the BRST cohomology of the free theory. The
interactions are obtained under the following (reasonable) assumptions: smooth-
ness in the deformation parameter, locality, Lorentz covariance, Poincare´ invari-
ance, and the presence of at most two derivatives in the interacting Lagrangian.
‘Smoothness in the deformation parameter’ refers to the fact that the deformed
solution to the master equation, (23), is smooth in the coupling constant λ and
reduces to the original solution, (22), in the free limit λ = 0. The requirement
on the interacting theory to be Poincare´ invariant means that one does not allow
an explicit dependence on the spacetime coordinates into the deformed solution
to the master equation. The requirement concerning the maximum number of
derivatives allowed to enter the interacting Lagrangian is frequently imposed in
the literature at the level of interacting theories; for instance, see the case of
cross-interactions for a collection of Pauli-Fierz fields, Ref. [22], the couplings
between the Pauli-Fierz and the massless Rarita-Schwinger fields, Ref. [28], or
the direct cross-interactions for a collection of Weyl gravitons, Ref. [23]. Equa-
tion (26), which we have seen that controls the first-order deformation, takes
the local form
sa = ∂µm
µ, gh (a) = 0, ε (a) = 0, (29)
for some local mµ, and it shows that the nonintegrated density of the first-
order deformation pertains to the local cohomology of the free BRST differential
in ghost number zero, a ∈ H0 (s|d), where d denotes the exterior spacetime
differential. The solution to (29) is unique up to s-exact pieces plus divergences
a→ a+ sb+ ∂µnµ, (30)
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with gh (b) = −1, ε (b) = 1, gh (nµ) = 0, and ε (nµ) = 0. At the same time,
if the general solution of (29) is found to be completely trivial, a = sb + ∂µn
µ,
then it can be made to vanish a = 0.
In order to analyze equation (29), we develop a according to the antighost
number
a =
I∑
i=0
ai, agh (ai) = i, gh (ai) = 0, ε (ai) = 0, (31)
and assume, without loss of generality, that decomposition (31) stops at some
finite value of I. This can be shown for instance like in Appendix A of Ref. [22].
Replacing decomposition (31) into (29) and projecting it on the various values
of the antighost number by means of (12), we obtain the tower of equations
γaI = ∂µ
(I)
m
µ
, (32)
δaI + γaI−1 = ∂µ
(I−1)
m
µ
, (33)
δai + γai−1 = ∂µ
(i−1)
m
µ
, 1 ≤ i ≤ I − 1, (34)
where
(
(i)
m
µ)
i=0,I
are some local currents, with agh
(
(i)
m
µ)
= i. Moreover,
according to the general result from Ref. [22] in the absence of collection indices,
equation (32) can be replaced in strictly positive antighost numbers by
γaI = 0, I > 0. (35)
Due to the second-order nilpotency of γ (γ2 = 0), the solution to (35) is unique
up to γ-exact contributions
aI → aI + γbI , agh (bI) = I, pgh (bI) = I − 1, ε (bI) = 1. (36)
Meanwhile, if it turns out that aI reduces to γ-exact terms only, aI = γbI , then
it can be made to vanish, aI = 0. In other words, the nontriviality of the first-
order deformation a is translated at its highest antighost number component
into the requirement that aI ∈ HI (γ), where HI (γ) denotes the cohomology
of the exterior longitudinal derivative γ in pure ghost number equal to I. So,
in order to solve equation (29) (equivalent with (35) and (33)–(34)), we need to
compute the cohomology of γ, H (γ), and, as it will be made clear below, also
the local cohomology of δ, H (δ|d).
Using the results on the cohomology of γ in the Pauli-Fierz sector [22] as
well as definitions (20) and (21), we can state that H (γ) is generated on the one
hand by χ∗Γ, Fµνρλ, and Kµναβ , together with their spacetime derivatives and,
on the other hand, by the undifferentiated ghost for ghost for ghost C as well
by the ghosts ηµ and their first-order derivatives ∂[µην]. So, the most general
(and nontrivial) solution to (35) can be written, up to γ-exact contributions, as
ah,AI = αI ([Fµνρλ] , [Kµναβ ] , [χ
∗
∆])ω
I
(
C, ηµ, ∂[µην]
)
, (37)
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where the notation f ([q]) means that f depends on q and its derivatives up to a
finite order, while ωI denotes the elements of a basis in the space of polynomials
with pure ghost number I in the corresponding ghost for ghost for ghost, Pauli-
Fierz ghosts and their antisymmetrized first-order derivatives. The objects αI
(obviously nontrivial in H0 (γ)) were taken to have a finite antighost number
and a bounded number of derivatives, and therefore they are polynomials in
the antifields χ∗Γ, in the linearized Riemann tensor Kµναβ and in the field-
strength of the three-form Fµνρλ as well as in their subsequent derivatives.
They are required to fulfill the property agh (αI) = I in order to ensure that
the ghost number of aI is equal to zero. Due to their γ-closeness, γαI = 0,
and to their polynomial character, αI will be called invariant polynomials. In
antighost number equal to zero the invariant polynomials are polynomials in
the linearized Riemann tensor, in the field-strength of the Abelian three-form,
and in their derivatives.
Inserting (37) in (33), we obtain that a necessary (but not sufficient) condi-
tion for the existence of (nontrivial) solutions aI−1 is that the invariant polyno-
mials αI are (nontrivial) objects from the local cohomology of the Koszul-Tate
differential H (δ|d) in antighost number I > 0 and in pure ghost number zero,
δαI = ∂µ
(I−1)
j
µ
, agh
(
(I−1)
j
µ
)
= I − 1, pgh
(
(I−1)
j
µ
)
= 0. (38)
We recall that the local cohomologyH (δ|d) is completely trivial in both strictly
positive antighost and pure ghost numbers (for instance, see Theorem 5.4 from
Ref. [32] and also Ref. [33]). Using the fact that the Cauchy order of the free
theory under study is equal to four, the general results from Refs. [32, 33],
according to which the local cohomology of the Koszul-Tate differential in pure
ghost number zero is trivial in antighost numbers strictly greater than its Cauchy
order, ensure that
HJ (δ|d) = 0, J > 4, (39)
where HJ (δ|d) denotes the local cohomology of the Koszul-Tate differential in
antighost number J and in pure ghost number zero. It can be shown that
any invariant polynomial that is trivial in HJ (δ|d) with J ≥ 4 can be taken
to be trivial also in H invJ (δ|d). (H invJ (δ|d) denotes the invariant characteristic
cohomology in antighost number J — the local cohomology of the Koszul-Tate
differential in the space of invariant polynomials.) Thus:(
αJ = δbJ+1 + ∂µ
(J)
c
µ
, agh (αJ) = J ≥ 4
)
⇒ αJ = δβJ+1 + ∂µ
(J)
γ
µ
, (40)
with both βJ+1 and
(J)
γ
µ
invariant polynomials. Results (39) and (40) yield the
conclusion that
H invJ (δ|d) = 0, J > 4. (41)
By proceeding in the same manner like in Refs. [22] and [39], it can be proved
that the spaces (HJ (δ|d))J≥2 and
(
H invJ (δ|d)
)
J≥2
are spanned by
H4 (δ|d) , H inv4 (δ|d) : (C∗) , (42)
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H3 (δ|d) , H inv3 (δ|d) : (C∗µ) , (43)
H2 (δ|d) , H inv2 (δ|d) : (C∗µν , η∗µ) . (44)
In contrast to the groups (HJ (δ|d))J≥2 and
(
H invJ (δ|d)
)
J≥2
, which are finite-
dimensional, the cohomology H1 (δ|d) in pure ghost number zero, known to
be related to global symmetries and ordinary conservation laws, is infinite-
dimensional since the theory is free. Fortunately, it will not be needed in the
sequel.
The previous results on H (δ|d) and H inv (δ|d) in strictly positive antighost
numbers are important because they control the obstructions to removing the
antifields from the first-order deformation. Based on formulas (39)–(41), one can
successively eliminate all the pieces of antighost number strictly greater than
four from the nonintegrated density of the first-order deformation by adding only
trivial terms. Consequently, one can take (without loss of nontrivial objects)
I ≤ 4 into the decomposition (31). (The proof of this statement can be realized
like in Appendix C from Ref. [40].) In addition, the last representative reads as
in (37), where the invariant polynomial is necessarily a nontrivial object from(
H invJ (δ|d)
)
2≤J≤4
or from H1 (δ|d) for J = 1.
4.2 First-order deformation
Assuming I = 4, the nonintegrated density of the first-order deformation, (31),
becomes
ah,A = ah,A0 + a
h,A
1 + a
h,A
2 + a
h,A
3 + a
h,A
4 . (45)
We can further decompose a in a natural manner as
ah,A = ah + ah−A + aA, (46)
where ah contains only fields/ghosts/antifields from the Pauli-Fierz sector, ah−A
describes the cross-interactions between the two theories (so it effectively mixes
both sectors), and aA involves only the three-form gauge field sector. The
component ah is completely known [22] and individually satisfies an equation of
the type (29). It admits a decomposition similar to (45)
ah = ah0 + a
h
1 + a
h
2 , (47)
where
ah2 =
1
2
η∗µην∂[µ ην], (48)
ah1 = h
∗µρ
(
(∂ρη
ν) hµν − ην∂[µhν]ρ
)
, (49)
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and ah0 is the cubic vertex of the Einstein-Hilbert Lagrangian plus a cosmological
term2
ah0 = a
h−cubic
0 − 2Λh,
with Λ the cosmological constant. Due to the fact that ah−A and aA contain
different sorts of fields, it follows that they are subject to two separate equations
saA = ∂µmAµ , (50)
sah−A = ∂µmh−Aµ , (51)
for some local mµ’s. In the sequel we analyze the general solutions to these
equations. The nontrivial solution aA to (50) is
aA = qεµ1...µ11Aµ1µ2µ3Fµ4...µ7Fµ8...µ11 , (52)
where q is an arbitrary, real constant (for more details, see Ref. [41]). In the
sequel we analyze the general solution to equation (51).
In agreement with (45), we can assume that the solution to (51) stops at
antighost number four (I = 4)
ah−A = ah−A0 + a
h−A
1 + a
h−A
2 + a
h−A
3 + a
h−A
4 , (53)
where the components on the right-hand side of (53) are subject to equations
(35) and (33)–(34) for I = 4. Because α4 is of the type fC
∗ (f is an arbitrary
constant) and ω4(C, ηµ, ∂[µην]) is spanned by{
Cηµ, C∂[µην], ηµηνηρηλ, ηµηνηρ∂[αηβ], ηµην
(
∂[αηβ]
) (
∂[γηδ]
)
,
ηµ
(
∂[νηρ]
) (
∂[αηβ]
) (
∂[γηδ]
)
,
(
∂[µην]
) (
∂[ρηλ]
) (
∂[αηβ]
) (
∂[γηδ]
)}
, (54)
we must take ah−A4 = 0 because in D = 11 there is no Lorentz scalar constructed
as a linear combination of the elements present in (54).
The next possible maximum value of the antighost number appearing in
ah−A is I = 3
ah−A = ah−A0 + a
h−A
1 + a
h−A
2 + a
h−A
3 , (55)
where the terms from development (55) satisfy equations (35) and (33)–(34) for
I = 3. According to the general results established in the above, the general
solution to (35) for I = 3 reads as
ah−A3 = C
∗σ
[
fµναβσ ηµην∂[αηβ] + f
µαβγδ
σ ηµ
(
∂[αηβ]
) (
∂[γηδ]
)
+fµνρσ ηµηνηρ + f
µναβγδ
σ
(
∂[µην]
) (
∂[αηβ]
) (
∂[γηδ]
)]
. (56)
2The terms ah
2
and ah
1
given in (48) and (49) differ from the corresponding ones in Ref. [22]
by a γ-exact and respectively a δ-exact contribution. However, the difference between our
ah
2
+ ah
1
and the corresponding sum from Ref. [22] is a s-exact modulo d quantity. Conse-
quently, the associated component of antighost number 0, ah
0
, is nevertheless the same in both
formulations. Thus, the object ah and the first-order deformation from Ref. [22] belong to the
same cohomological class from H0 (s|d).
11
All the coefficients denoted by f must be constant (neither derivative nor de-
pending on the spacetime coordinates). Recalling that we work in D = 11
spacetime dimensions, we have no such constant Lorentz tensors, so ah−A3 must
vanish.
Assuming now that ah−A stops at I = 2, we have that the solution to (51)
reduces to
ah−A = ah−A0 + a
h−A
1 + a
h−A
2 , (57)
where the pieces present in (57) are subject to equations (35) and (33)–(34) for
I = 2. The general solution to (35) (up to γ-exact contributions) can be written
in D = 11 as
ah−A2 = C
∗µν
[
c1ηµην + c2
(
∂[µηρ]
)
∂[νηλ]σ
ρλ
]
, (58)
where c1 and c2 are arbitrary, real constants. Using definitions (17)–(21) we
infer that
δah−A2 = ∂ρ
{−3A∗µνρ [c1ηµην + c2 (∂[µηα]) ∂[νηβ]σαβ]}
+γ
[
3c2A
∗µνρ
(
∂[µηα]
)
∂[νh
α
ρ]
]
− 3c1A∗µνρηµ∂[νηρ]. (59)
Comparing (33) for I = 2 with the right-hand side of (59), we observe that ah−A2
of the form (58) leads to a consistent ah−A1 if and only if
− 3c1A∗µνρηµ∂[νηρ] = γf1 + ∂µtµ1 . (60)
By taking the Euler-Lagrange derivative of both sides of (60) with respect to
A∗µνρ and recalling that it commutes with γ, we arrive at
− 3c1ηµ∂[νηρ] = γ (f0µνρ) , (61)
where
f0µνρ =
δLf1
δA∗µνρ
.
Since ηµ∂[νηρ] is a nontrivial object from H (γ), it results that the left-hand side
of (61) is γ-exact if and only if c1 = 0. Therefore, the only consistent solution
to (35) at antighost number two is
ah−A2 = c2C
∗µν
(
∂[µηρ]
)
∂[νηλ]σ
ρλ. (62)
Inserting (62) in (33) for I = 2, we derive
ah−A1 = −3c2A∗µνρ
(
∂[µηα]
)
∂[νh
α
ρ] + a¯
h−A
1 , (63)
where a¯h−A1 represents the general solution to equation (35) for I = 1. According
to (37) in pure ghost number equal to one, it results that the most general form of
a¯h−A1 as solution to (35) for I = 1 that might provide effective cross-interactions
can be written like
a¯h−A1 = A
∗µνρ
(
Mλµνρηλ +M
αβ
µνρ∂[αηβ]
)
+ h∗µν
(
M¯λµνηλ + M¯
αβ
µν ∂[αηβ]
)
, (64)
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where the M -like functions may depend on linearized Riemann tensor, on the
field-strength of the Abelian three-form as well as on their spacetime derivatives
and satisfy obvious symmetry/antisymmetry properties. Using the definitions
of δ and γ, after some computations we obtain that
δah−A1 = ∂µj
µ
1 + γb0 + c0, (65)
where we used the notations
jµ1 =
1
2
Fµνρλ
[
−c2
(
∂[νηα]
)
∂[ρh
α
λ] +
1
3
(
Mανρληα +M
αβ
νρλ∂[αηβ]
)]
−2 (∂νφµανβ) (M¯λαβηλ + M¯ρλαβ∂[ρηλ])
+2φµανβ∂ν
(
M¯λαβηλ + M¯
ρλ
αβ∂[ρηλ]
)
, (66)
b0 = F
µνρλ
[
−c2
8
(
∂[µhν]α
)
∂[ρh
α
λ] +
1
6
(
Mαβµνρ∂[αhβ]λ +
1
2
Mαµνρhαλ
)]
+2φµανβ
[
1
2
hβλ∂[µM¯
λ
α]ν − M¯λµν
(1)
Γ λαβ − M¯ρλµν ∂[ρ
(1)
Γ λ]αβ
+
(
∂[µM¯
ρλ
α]ν
) (
∂[ρhλ]β
)]
, (67)
c0 = − 1
4!
Fµνρλ
[
ηα∂[µM
α
νρλ] +
(
∂[µM
αβ
νρλ] + 2δ
β
λM
α
µνρ
)
∂[αηβ]
]
+
1
2
φµανβ
[(
∂[µM¯
ρλ
α][ν,β] + 2δ
ρ
β∂[µM¯
λ
α]ν
)
∂[ρηλ] + ηλ∂[µM¯
ρλ
α][ν,β]
]
,(68)
φµανβ =
1
2
(
hα[νσβ]µ − hµ[νσβ]α + hσµ[νσβ]α
)
, (69)
(1)
Γ λαβ =
1
2
(∂αhβλ + ∂βhαλ − ∂λhαβ) . (70)
According to (34) for I = 1, (67) gives (up to a global factor) some of the pieces
from the interacting Lagrangian at order one in the coupling constant. The
hypothesis on the maximum number of derivatives in the interacting Lagrangian
being equal to two induces further restrictions on the type-M functions, as it will
be seen bellow. The first term from (67) outputs an interacting vertex with three
derivatives, which disagrees with this hypothesis. Therefore, we must annihilate
the corresponding constant, c2 = 0. In order to provide cross-couplings, the
functions M¯ρλαβ and M¯
λ
µν must effectively depend on the field-strength of the
Abelian three-form. Consequently, the last two terms on the right-hand side
of (67) will produce terms with at least three derivatives in the interacting
Lagrangian, so we must discard them by setting M¯ρλαβ = 0. If we represent the
functions M¯λµν as
M¯λµν = f
λαβγδ
µν Fαβγδ,
13
where fλαβγδµν are nonderivative Lorentz constants, we conclude that we have no
such constant tensors in D = 11, so we must take M¯λµν = 0. The pieces from
(67) proportional with Mαβµνρ satisfy the assumption on the derivative order if
and only if these functions are nonderivative Lorentz constants. Since in D = 11
there are no such constant tensors, we conclude that we must take Mαβµνρ = 0.
Finally, the functions Mαµνρ produce terms in the interacting Lagrangian that
comply with the hypothesis on the maximum number of derivatives if and only
if they are linear in the undifferentiated field-strength of the Abelian three-form.
Due to the spacetime dimension, there is just one possibility left, namely
Mαµνρ = kσ
αβFµνρβ , (71)
where k is an arbitrary, real constant.
Inserting the above results in (62) and (64), we infer
ah−A2 = 0, (72)
ah−A1 = kA
∗µνρFµνρλη
λ. (73)
Applying now the Koszul-Tate operator δ on (73), we determine the interacting
Lagrangian at order one in the coupling constant as
ah−A0 = −
k
12
Fµνρλ
(
Fµνρσh
σ
λ −
1
8
Fµνρλh
)
. (74)
By assembling the previous results we can state that the general solution to (51)
in D = 11 reads as
ah−A = kA∗µνρFµνρλη
λ − k
12
Fµνρλ
(
Fµνρσh
σ
λ −
1
8
Fµνρλh
)
. (75)
We can still remove from (75) certain trivial, s-exact modulo d terms. Indeed,
we have that
ah−A = ∂µ
[
−k
4
FµνρλAνρσh
σ
λ + 3kA
∗µνρ
(
Aνρλη
λ + Cνλh
λ
ρ
)
+kC∗µν (Cρhνρ − 2Cνρηρ) + kC∗Cνην ]
+s
[
−3k
2
A∗µνρAµνλh
λ
ρ − kC∗µν
(
Aµνρη
ρ + Cµλh
λ
ν
)
+kC∗µ
(
Cµνη
ν − 1
2
Cνhµν
)
− kC∗Cµηµ
]
+
k
12
Fµνρλ
(
3∂µ (Aνρσh
σ
λ)− Fµνρσhσλ +
1
8
Fµνρλh
)
−3k
2
A∗µνρ
(
2
3
ηλ∂λAµνρ +A
λ
µν ∂[ρηλ] − hρλ∂λCµν − Cµλ∂[νhλρ]
)
−kC∗µν
[
(∂ρCµν) η
ρ + C ρµ ∂[νηρ] + hνρ∂
ρCµ +
1
2
Cρ∂[µhν]ρ
]
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−k
2
C∗µ
(
2ην∂
νCµ + C
ν∂[µην] − hµν∂νC
)− kC∗ (∂µC) ηµ. (76)
Since S1 is unique up to s-exact modulo d terms (see subsection 4.1), we can
remove such terms and work, instead of (75), with
ah−A =
k
12
Fµνρλ
[
3∂µ (Aνρσh
σ
λ)− Fµνρσhσλ +
1
8
Fµνρλh
]
−3k
2
A∗µνρ
(
2
3
ηλ∂λAµνρ +A
λ
µν ∂[ρηλ] − hρλ∂λCµν − Cµλ∂[νhλρ]
)
−kC∗µν
[
(∂ρCµν) η
ρ + C ρµ ∂[νηρ] + hνρ∂
ρCµ +
1
2
Cρ∂[µhν]ρ
]
−k
2
C∗µ
(
2ην∂
νCµ + C
ν∂[µην] − hµν∂νC
)− kC∗ (∂µC) ηµ. (77)
The above results can be summarized by the conclusion that the ‘interacting’
part of the first-order deformation of the solution to the master equation can
be written as
S′h−A1 =
∫
d11x
(
ah−A + aA0
)
, (78)
where ah−A is given in (77) and aA0 is expressed by (52).
4.3 Second-order deformation
Until now we have seen that the first-order deformation can be written like the
sum between the Pauli-Fierz component Sh1 (given in detail in Ref. [22]) and
the ’interacting’ part S′h−A1 , expressed by (78).
In this section we investigate the consistency of the first-order deformation,
described by equation (27). Along the same line as before, we can write the
second-order deformation like the sum between the Pauli-Fierz contribution
and the interacting part
Sh,A2 = S
h
2 + S
h−A
2 . (79)
The piece Sh2 can be deduced from Ref. [22], while S
h−A
2 is subject to the
equation
1
2
(S1, S1)
h−A
+ sSh−A2 = 0, (80)
where
(S1, S1)
h−A =
(
S′h−A1 , S
′h−A
1
)
+ 2
(
Sh1 , S
′h−A
1
)
. (81)
If we denote by ∆h−A and bh−A the nonintegrated densities of the functionals
(S1, S1)
h−A and respectively Sh−A2 , then the local form of (80) becomes
∆h−A = −2sbh−A + ∂µnµ, (82)
with
gh
(
∆h−A
)
= 1, gh
(
bh−A
)
= 0, gh (nµ) = 1, (83)
15
for some local currents nµ. Direct computation shows that ∆h−A decomposes
like
∆h−A =
4∑
I=0
∆h−AI , agh
(
∆h−AI
)
= I, I = 0, 4, (84)
with
∆h−A4 = γ
[−k2C∗hµνηµ∂νC + k (k + 1)C∗Cµ (∂[µην]) ην]+ ∂µτµ4 , (85)
∆h−A3 = δ
[−k2C∗hµνηµ∂νC + k (k + 1)C∗Cµ (∂[µην]) ην]
+γ
{
k
2
C∗µ
[
1− 2k
2
(∂νC) hµρh
ρ
ν − kCνhρµ∂[νηρ] + kCνηρ∂[µhν]ρ
−1
2
Cν
(
hρµ∂[νηρ] + h
ρ
ν∂[µηρ]
)
+ (k + 1)Cνηρ
(
∂[µhρ]ν + ∂[νhρ]µ
)
+2k (∂νCµ)h
νρηρ − 2 (k + 1)Cµν
(
∂[νηρ]
)
ηρ
]}
+ ∂µτ
µ
3 , (86)
∆h−A2 = δ
{
k
2
C∗µ
[
1− 2k
2
(∂νC)hµρh
ρ
ν − kCνhρµ∂[νηρ] + kCνηρ∂[µhν]ρ
−1
2
Cν
(
hρµ∂[νηρ] + h
ρ
ν∂[µηρ]
)
+ (k + 1)Cνηρ
(
∂[µhρ]ν + ∂[νhρ]µ
)
+2k (∂νCµ)h
νρηρ − 2 (k + 1)Cµν
(
∂[νηρ]
)
ηρ
]}
+γ
{
kC∗µν
[
−1
2
Cρ∂µ
(
hνλh
λ
ρ
)
+ kCρhλν∂[µhλ]ρ
+
(
k − 1
2
)
(∂ρCµ)hνλh
ρλ + ηρ
(
∂[µh
λ
ρ] + ∂[ξhρ]µσ
ξλ
)
Cνλ
+
1
2
Cνρ
(
hρλ∂[µηλ] + hµλ∂
[ρηλ]
)
− kCµρ
(
2ηλ∂[λh
ρ
ν] + hνλ∂
[ρηλ]
)
+k (∂ρCµν) ηλh
ρλ − (k + 1)Aµνρηλ∂[ρηλ]
]}
+ ∂µτ
µ
2 , (87)
∆h−A1 = δ
{
kC∗µν
[
−1
2
Cρ∂µ
(
hνλh
λ
ρ
)
+ kCρhλν∂[µhλ]ρ + k (∂ρCµν) ηλh
ρλ
+
(
k − 1
2
)
(∂ρCµ) hνλh
ρλ + ηρ
(
∂[µh
λ
ρ] + ∂[ξhρ]µσ
ξλ
)
Cνλ
+
1
2
Cνρ
(
hρλ∂[µηλ] + hµλ∂
[ρηλ]
)
− kCµρ
(
2ηλ∂[λh
ρ
ν] + hνλ∂
[ρηλ]
)
− (k + 1)Aµνρηλ∂[ρηλ]
]}
+ γ
{
3
2
kA∗µνρ
[
Cρξ∂µ
(
hνλh
λξ
)
−2kCµλhξν∂[ξhλρ] +
1− 2k
2
hρξh
λξ∂λCµν
−1
2
Aµνλ
(
hλξ∂[ρηξ] + hρξ∂
[ληξ]
)
+Aµνληξ
(
2∂[λhξ]ρ − σλπ∂[πhρ]ξ
)
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+kAµνλ
(
2ηξ∂[ρh
λ
ξ] − hρξ∂[ληξ]
)
+
2
3
k (∂λAµνρ)h
λξηξ
]}
−k (k + 1)A∗µνρFµνρλ
(
∂[ληξ]
)
ηξ + ∂µτ
µ
1 , (88)
and
∆h−A0 = δ
{
3
2
kA∗µνρ
[
Cρξ∂µ
(
hνλh
λξ
)− 2kCµλhξν∂[ξhλρ]
+
1− 2k
2
hρξh
λξ∂λCµν − 1
2
Aµνλ
(
hλξ∂[ρηξ] + hρξ∂
[ληξ]
)
+Aµνληξ
(
2∂[λhξ]ρ − σλπ∂[πhρ]ξ
)
+ kAµνλ
(
2ηξ∂[ρh
λ
ξ] − hρξ∂[ληξ]
)
+
2k
3
(∂λAµνρ)h
λξηξ
]}
+ γ
{
k
4!
FµνρλFµνξπ
(−3hξρhπλ − δξρhλσhπσ
+
1− k
8
δξρδ
π
λhαβh
αβ +
k
8
δξρδ
π
λh
2
)
+
k
2
Fµνρλ
[
1
4
Aξρλ∂µ
(
hνπh
λπ
)
−1
4
hµπh
λπ∂νAξρλ − k
3
hλπh
ξπ∂ξAµνρ − kAµνξhπρ∂[πhξλ]
−k
6
hξµh∂ξAνρλ +
k
4
Aµνξh∂[ρh
ξ
λ]
+
k
2
Aµξπ∂ν
(
hξρh
π
λ
)
+
k
2
hξρh
π
λ∂ξAπµν
]
−k
2
8
∂ξ
(
hπ[µAνρ]π
)[
∂ρ
(
h[ξτ A
µν]τ
)
− 1
3
∂ξ
(
h[µτ A
νρ]τ
)]
+kqεµ1...µ11
(
hAµ1µ2µ3Fµ4...µ7 − 8hξµ1Aµ2µ3µ4Fµ5...µ7ξ
+6hξµ1Aξµ2µ3Fµ4...µ7
)
Fµ8...µ11
}− 1
3!
k (k + 1)FµνρλFµνρξ ×
×
[
ηπ
(
1
8
δξλ∂[σh
σ
π] − ∂[λhξπ]
)
+
1
2
hλπ∂
[ξηπ]
]
+ ∂µτ
µ
0 . (89)
Because (S1, S1)
h−A contains terms of maximum antighost number equal to
four, we can assume (without loss of generality) that bh−A stops at antighost
number five
bh−A =
5∑
I=0
bh−AI , agh
(
bh−AI
)
= I, I = 0, 5, (90)
nµ =
5∑
I=0
nµI , agh (n
µ
I ) = I, I = 0, 5. (91)
By projecting equation (82) on the various (decreasing) values of the antighost
number, we infer the following tower of equations
γbh−A5 = ∂µ
(
1
2
nµ5
)
, (92)
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∆h−AI = −2
(
δbh−AI+1 + γb
h−A
I
)
+ ∂µn
µ
I , I = 0, 4. (93)
Equation (92) can always be replaced with
γbh−A5 = 0. (94)
If we compare (85) with (93) for I = 4, then we find that bh−A5 is restricted to
fulfill the equation
δbh−A5 + γb˜
h−A
4 = ∂µn˜
µ
4 , (95)
where
bh−A4 = −
1
2
[−k2C∗hµνηµ∂νC + k (k + 1)C∗Cµ (∂[µην]) ην]+ b˜h−A4 . (96)
By (37) we get that the solution to (94) reads as
bh−A5 = α¯5([Fµνρλ] , [Kµναβ ] , [χ
∗
∆])ω
5
(
C, ηµ, ∂[µην]
)
. (97)
Substituting the above form of bh−A5 into (95), we infer that a necessary condi-
tion for (95) to possess solutions is that α¯5 belongs to H5 (δ|d). Since for the
model under consideration we know that H5 (δ|d) = 0 and H inv5 (δ|d) = 0, it
follows that we can take
bh−A5 = 0, (98)
such that equation (95) reduces to γb˜h−A4 = ∂µn˜
µ
4 . The last equation can always
be replaced (as it stands in a strictly positive value of the antighost number)
with γb˜h−A4 = 0. The last equation was investigated in the previous subsection
and was shown to possess only the trivial solution
b˜h−A4 = 0. (99)
Due to (98) and (99), we observe that relations (85)–(87) agree with equation
(93) for I = 4, I = 3 and I = 2 respectively. On the contrary, ∆h−A1 given in
(88) cannot be written like in (93) for I = 1 unless
χ = −k (k + 1)A∗µνρFµνρλ
(
∂[ληξ]
)
ηξ, (100)
can be expressed like
χ = δϕ+ γω + ∂µl
µ.. (101)
Assume that (101) holds. Then, by acting with δ on it from the left, we infer
that
δχ = γ (−δω) + ∂µ (δlµ) . (102)
On the other hand, using the concrete expression of χ, we have that
δχ = k (k + 1)
{
γ
[
−T πλ
(
ηξ∂
[λhξ]π +
1
2
hπξ∂
[ληξ]
)]
+ ∂µ
(
T µτ ηξ∂
[τηξ]
)}
,
(103)
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where
Tαβ =
1
3!
FµνραF βµνρ −
σαβ
2 · 4!F
µνρλFµνρλ (104)
is the stress-energy tensor of the Abelian three-form gauge field. The right-hand
side of (103) can be written like in the right-hand side of (102) if the following
conditions are simultaneously satisfied
− δω = −k (k + 1)T πλ
(
ηξ∂
[λhξ]π +
1
2
hπξ∂
[ληξ]
)
, (105)
δlµ = k (k + 1)T µλ ηξ∂
[ληξ]. (106)
Since none of the quantities hπξ, ∂
[λh
ξ]
π , ηξ, or ∂
[ληξ] are δ-exact, we deduce that
the last relations hold if stress-energy tensor of the Abelian three-form gauge
field is δ-exact
T µτ = δΩ
µ
τ . (107)
Assuming that the equation (107) is valid, it further gives
∂µT
µ
τ = δ (∂µΩ
µ
τ ) . (108)
On the other hand, by direct computation we find
∂µT
µ
τ = δ
(
A∗νρλFνρλτ
)
, (109)
so the right-hand side of (109) cannot be written like in the right-hand side of
(108). Therefore, relation (107) is not valid, and thus neither are (105)–(106).
As a consequence, χ must vanish, which further implies
k (k + 1) = 0. (110)
The nontrivial solution to (110) reads as (if we take k = 0, then no interactions
occur)
k = −1. (111)
Replacing (111) in (96) (and making use of (99)) and then in (86)–(89)), we
identify the components of the second-order deformation as
bh−A4 =
1
2
C∗hµνη
µ∂νC, (112)
bh−A3 =
1
2
C∗µ
[
3
4
hµρh
ρ
ν∂
νC − 1
2
Cνηρ∂[µhν]ρ
+
1
4
Cν
(
hρµ∂[νηρ] − hρν∂[µηρ]
)− hνρηρ∂νCµ
]
, (113)
bh−A2 = −
1
2
C∗µν
[
Cρhλν∂[µhλ]ρ +
1
2
Cρ∂µ
(
hνλh
λ
ρ
)− 3
2
hµλh
ρλ∂ρCν
19
+ηρ
(
∂[µh
λ
ρ] − ∂[ξhρ]µσξλ
)
Cνλ − 1
2
Cµρ
(
hρλ∂[νηλ] − hνλ∂[ρηλ]
)
+(∂ρCµν) ηλh
ρλ
]
, (114)
bh−A1 =
3
4
A∗µνρ
[
Cρξ∂µ
(
hνλh
λξ
)
+
3
2
hρξh
λξ∂λCµν + 2Cµλh
ξ
ν∂[ξh
λ
ρ]
−1
2
Aµνλ
(
hλξ∂[ρηξ] + hρξ∂
[ληξ] + 2σλπηξ∂[ρhπ]ξ
)
+Aµνλhρξ∂
[ληξ] − 2
3
hλξηξ∂λAµνρ
]
, (115)
and
bh−A0 =
1
16
FµνρλFµνξπ
[
hξρh
π
λ −
1
3!
δξρδ
π
λ
(
1
4
h2 − hαβhαβ
)
− 1
3
δξρhλσh
πσ
]
+
1
16
Fµνρλ
[
Aξρλ∂µ
(
hνπh
λπ
)− hµπhξπ
(
∂νAξρλ +
4
3
∂ξAνρλ
)
+Aµνξ
(
4hπρ∂[πh
ξ
λ] − h∂[ρhξλ]
)
− 2
3
hξλh∂ξAµνρ − 2Aµξπ∂ν
(
hξρh
π
λ
)
+2hξρh
π
λ∂ξAπµν
]
+
1
16
∂ξ
(
hπ[µAνρ]π
)[
∂ρ
(
h[ξτ A
µν]τ
)
− 1
3
∂ξ
(
h[µτ A
νρ]τ
)]
+qεµ1...µ11
(
1
2
hAµ1µ2µ3Fµ4...µ7 − 4hξµ1Aµ2µ3µ4Fµ5...µ7ξ
+3hξµ1Aξµ2µ3Fµ4...µ7
)
Fµ8...µ11 . (116)
Formulas (112)–(116) offer us the complete form of the interacting part from
the second-order deformation of the solution to the master equation
Sh−A2 =
∫
d11x
(
bh−A4 + b
h−A
3 + b
h−A
2 + b
h−A
1 + b
h−A
0
)
. (117)
With the help of (111), it results that Sh−A1 takes the final form
Sh−A1 =
∫
d11x
{
− 1
12
Fµνρλ
[
3∂µ (Aνρσh
σ
λ)− Fµνρσhσλ +
1
8
Fµνρλh
]
+
3
2
A∗µνρ
(
2
3
ηλ∂λAµνρ +A
λ
µν ∂[ρηλ] − hρλ∂λCµν − Cµλ∂[νhλρ]
)
+C∗µν
[
(∂ρCµν ) η
ρ + C ρµ ∂[νηρ] + hνρ∂
ρCµ +
1
2
Cρ∂[µhν]ρ
]
+
1
2
C∗µ
(
2ην∂
νCµ + C
ν∂[µην] − hµν∂νC
)
+ C∗ (∂µC) ηµ
+qεµ1...µ11Aµ1µ2µ3Fµ4...µ7Fµ8...µ11} . (118)
So far, we have completely determined the first- and second-order deformations
of the solution to the master equation corresponding to the free model (1).
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5 Analysis of the deformed theory
In Ref. [24] (Section 5) it has been shown that the local BRST cohomologies
of the Pauli-Fierz model and respectively of the linearized version of vielbein
formulation of spin-two field theory are isomorphic. Because the local BRST co-
homology (in ghost numbers zero and one) controls the deformation procedure,
it results that this isomorphism allows one to pass in a consistent manner from
the Pauli-Fierz version to the linearized version of the vielbein formulation and
conversely during the deformation procedure. Nevertheless, the linearized viel-
bein formulation possesses more fields (the antisymmetric part of the linearized
vielbein) and more gauge parameters (Lorentz parameters) than the Pauli-Fierz
model, such that the switch from the former version to the latter is realized via
the above mentioned isomorphism by imposing some partial gauge-fixing con-
ditions, which come from the more general ones [42]
σµ[ae
µ
b] = 0. (119)
In the context of the gauge-fixing conditions (119), simple computation leads
to the vielbein fields and their inverse up to the second order in the coupling
constant as
e µa =
(0)
e
µ
a + λ
(1)
e
µ
a + λ
2(2)e
µ
a + · · · = δ µa −
λ
2
h µa +
3λ2
8
h ρa h
µ
ρ + · · · , (120)
eaµ =
(0)
e
a
µ + λ
(1)
e
a
µ + λ
2(2)e
a
µ + · · · = δaµ +
λ
2
haµ −
λ2
8
haρh
ρ
µ + · · · . (121)
The first pieces from the expansion of the metric tensor and of its determinant
(
√
g =
√
det gµν) in terms of the Pauli-Fierz field are written as
gµν =
(0)
gµν + λ
(1)
gµν + λ2
(2)
gµν + · · · = σµν − λhµν + λ2hµρhρν + · · · , (122)
√
g =
(0)
e =
√
g+λ
(1)√
g+λ2
(2)√
g+ · · · = 1+ λ
2
h+
λ2
8
(
h2 − 2hµνhµν
)
+ · · · , (123)
where e = det eaµ.
Now, we have at hand all the ingredients required for the Lagrangian formu-
lation of the deformed theory obtained in the previous section. The component
of antighost number zero in Sh−A1 is precisely the interacting Lagrangian at
order one in the coupling constant
Lh−A1 = −
1
12
Fµνρλ
(
1
8
Fµνρλh− Fµνρσhσλ + 3∂µ (Aνρσhσλ)
)
+qεµ1...µ11Aµ1µ2µ3Fµ4...µ7Fµ8...µ11 . (124)
It can be put under the more suggestive form
Lh−A1 = −
1
2 · 4!
(0)
g
µα
(0)
g
νβ
(0)
g
ργ (0)
F¯ µνρλ
(
(1)√
g
(0)
g
λδ(0)
F¯ αβγδ
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+4
(0)√
g
(1)
g
λδ(0)
F¯ αβγδ + 2
(0)√
g
(0)
g
λδ(1)
F¯ αβγδ
)
+q
(0)√
g
(0)
e
µ1
a1
· · · (0)e
µ11
a11
ǫa1...a11
(0)
A¯µ1µ2µ3
(0)
F¯ µ4...µ7
(0)
F¯ µ8...µ11 , (125)
where
(0)
A¯µνρ =
(0)
e
a
µ
(0)
e
b
ν
(0)
e
c
ρAabc,
(0)
F¯ µνρλ ≡ ∂[µ
(0)
A¯ νρλ], (126)
(1)
A¯µνρ =
(1)
e
a
[µ
(0)
e
b
ν
(0)
e
c
ρ]Aabc,
(1)
F¯ µνρλ ≡ ∂[µ
(1)
A¯ νρλ]. (127)
In the first formula from equation (126) Aabc is nothing but the original three-
form gauge field (with flat indices). Along the same line, the piece of antighost
number equal to zero from the second-order deformation furnishes us (up to a
total derivative) with the interacting Lagrangian at order two in the coupling
constant
Lh−A2 = −
1
2 · 4!
(0)
g
µα
(0)
g
νβ
[
(0)
F¯ µνρλ
(
(2)√
g
(0)
g
ργ
(0)
g
λδ(0)
F¯ αβγδ
+4
(0)√
g
(2)
g
ργ
(0)
g
λδ(0)
F¯ αβγδ + 2
(0)√
g
(0)
g
ργ
(0)
g
λδ(2)
F¯ αβγδ
+4
(1)√
g
(1)
g
ργ
(0)
g
λδ(0)
F¯ αβγδ + 2
(1)√
g
(0)
g
ργ
(0)
g
λδ(1)
F¯ αβγδ
+6
(0)√
g
(1)
g
ργ
(1)
g
λδ(0)
F¯ αβγδ + 8
(0)√
g
(1)
g
ργ
(0)
g
λδ(1)
F¯ αβγδ
)
+
(0)√
g
(0)
g
ργ
(0)
g
λδ(1)
F¯ µνρλ
(1)
F¯ αβγδ
]
+ qǫa1...a11
(0)
e
µ1
a1
· · · (0)e
µ10
a10
(0)
F¯ µ4...µ7
×
[(
(1)√
g
(0)
e
µ11
a11
+ 8
(0)√
g
(1)
e
µ11
a11
)
(0)
A¯µ1µ2µ3
(0)
F¯ µ8...µ11
+
(0)√
g
(0)
e
µ11
a11
(
(1)
A¯µ1µ2µ3
(0)
F¯ µ8...µ11 + 2
(0)
A¯µ1µ2µ3
(1)
F¯ µ8...µ11
)]
+3qǫa1...a11
(1)
e
µ1
a1
(0)
e
µ2
a2
· · · (0)e
µ11
a11
(0)
A¯µ1µ2µ3
(0)
F¯ µ4...µ7
(0)
F¯ µ8...µ11 . (128)
With the help of (124) and (128) we deduce that LA0 + λLh−A1 + λ2Lh−A2 + · · ·
comes from the expansion of the fully deformed Lagrangian
Lh−A = − 1
2 · 4!
√
gF¯µνρλF¯
µνρλ + λqǫµ1...µ11A¯µ1µ2µ3 F¯µ4...µ7 F¯µ8...µ11 , (129)
where
F¯µνρλ = ∂[µ
(
eaνe
b
ρe
c
λ]Aabc
)
, (130)
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F¯µνρλ = gµαgνβgργgλδF¯αβγδ, (131)
ǫµ1...µ11 =
√
ge µ1a1 e
µ2
a2
· · · e µ11a11 ǫa1...a11 . (132)
The pieces from the deformed solution to the master equation that are lin-
ear in the antifields A∗αβγ produce the deformed gauge transformations of the
Abelian three-form gauge field
δ¯ǫ,εAαβγ = ∂[αεβγ] + λ
[
ǫδ∂δAαβγ +
1
2
Aδ [αβδ
σ
γ]∂[σǫδ]
−1
2
(
∂δε[αβ
)
hγ]δ +
1
2
εδ [α∂βhγ]δ
]
+λ2
[
−1
8
εδ [α
(
∂βh
σ
γ]
)
hδσ +
3
8
εδ [αh
σ
β∂γ]hδσ
+
3
8
(
∂δε[αβ
)
hσγ]hδσ −
1
4
(
∂δh
σ
[α
)
hδβεγ]σ
−1
8
Aδ [αβδ
ω
γ]
(
∂[ωǫσ]
)
hσδ +
1
8
Aδ [αβh
σ
γ]∂[δǫσ]
−1
4
Aδ [αβδ
ω
γ]∂
(
[ωh
σ
δ]
)
ǫσ − 1
2
(
∂δAαβγ
)
hσδ ǫσ
]
+ · · ·
=
(0)
δ ǫ,εAαβγ + λ
(1)
δ ǫ,εAαβγ + λ
2
(2)
δ ǫ,εAαβγ + · · · . (133)
We recall that the initial three-form gauge field possesses flat indices, i.e. Aαβγ
means Aabc. The contributions of orders one and two to the above gauge trans-
formations can be put under the form
(1)
δ¯ ǫ,εAabc =
(0)
ǫ¯
µ
∂µAabc +A
m
[ab
(0)
ǫ c]m +
(
∂µε[ab
) (1)
e
µ
c] +
1
2
(0)
e
µ
m
(1)
ω µ[abε
m
c] , (134)
(2)
δ¯ ǫ,εAabc =
(1)
ǫ¯
µ
∂µAabc +A
m
[ab
(1)
ǫ c]m +
(
∂µε[ab
) (2)
e
µ
c]
+
1
2
(1)
e
µ
m
(1)
ω µ[abε
m
c] +
1
2
(0)
e
µ
m
(2)
ω µ[abε
m
c] , (135)
where we used the notations
(0)
ǫ¯
µ
= ǫµ = ǫaδ µa ,
(1)
ǫ¯
µ
= −1
2
ǫah µa , (136)
(0)
ǫ ab =
1
2
∂[aǫb], (137)
(1)
ǫ ab = −1
4
ǫc∂[ahb]c +
1
8
hc[a∂b]ǫc +
1
8
(
∂cǫ[a
)
hcb], (138)
(1)
ω µab = −∂[ahb]µ, (139)
(2)
ω µab = −1
4
(
2hc[a
(
∂b]h
c
µ
)− 2h ν[a ∂νh b]µ − (∂µh ν[a )hb]ν) . (140)
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In formulas (137) and (138) the gauge parameters
(0)
ǫ ab and
(1)
ǫ ab are precisely
the first two terms from the Lorentz parameters expressed in terms of the flat
parameters ǫa via the partial gauge fixing (119). Indeed, (119) leads to
δǫ
(
σµ[ae
µ
b]
)
= 0, (141)
where
1
λ
δǫe
µ
a = ǫ¯
ρ∂ρe
µ
a − e ρa ∂ρǫ¯µ + ǫ ba e µb . (142)
Substituting (120) together with the expansions
ǫ¯µ =
(0)
ǫ¯
µ
+ λ
(1)
ǫ¯
µ
+ · · · =
(
δ µa −
λ
2
h µa + · · ·
)
ǫa (143)
and
ǫab =
(0)
ǫ ab + λ
(1)
ǫ ab + · · · (144)
in (141), we arrive precisely to (137)–(138). In formulas (139) and (140)
(1)
ω µab
and
(2)
ω µab represent the first- and respectively second-order approximation of
the spin connection
ωµab = e
ν
b ∂νeaµ − e νa ∂νebµ + eaν∂µe νb
−ebν∂µe νa + e ρ[a e νb] ecµ∂νecρ
= λ
(1)
ω µab + λ
2(2)ω µab + · · · . (145)
At this point it is easy to see that the deformed gauge transformations of the
three-form gauge field (see formula (133)) come from the perturbative expansion
of the full gauge transformations
δ¯ǫ,εAabc = λ
(
ǫ¯µ∂µAabc +A
m
[abǫc]m
)
+
(
∂µε[ab
)
e µ
c] +
1
2
e µm ωµ[abε
m
c] . (146)
The gauge transformations of the three-form with curved indices are obtained
with the help of (142) and (146)
δ¯ε¯,ǫ¯A¯µνρ = ∂[µε¯νρ] + λ
(
ǫ¯λ∂λA¯µνρ + A¯σ[µν∂ρ] ǫ¯
σ
)
, (147)
where
ε¯µν = e
a
µe
b
νεab. (148)
We observe that (147) describes a set of gauge transformations that remain
off-shell, second-order reducible. Indeed, if we make the transformations
ε¯µν → ε¯(θ¯)µν = ∂[µθ¯ν], (149)
then the gauge variation of the three-form identically vanishes
δ¯
ε¯(θ¯)
A¯µνρ ≡ 0. (150)
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Moreover, if in (149) we perform the changes
θ¯µ → θ¯(φ)µ = ∂µφ, (151)
with φ an arbitrary scalar field, then the transformed gauge parameters (149)
identically vanish
ε¯
(θ¯(φ))
µν ≡ 0. (152)
The results concerning the reducibility relations for the interacting theory can
be read from the pieces that are simultaneously linear in the ghosts and in the
antifields (with the antighost number equal to two or three from the deformed
solution to the master equation).
In conclusion, under the hypotheses mentioned at the beginning of subsec-
tion 4.1, we obtained that a candidate to the Lagrangian responsible for the
interactions between the spin-two field and a three-form gauge field in D = 11
is described in (129) and the deformed gauge transformations of the three-form
are given by (147).
6 Uniqueness of interactions
So far, we emphasized that there exists one candidate describing the consistent
interactions between one graviton and an Abelian three-form gauge field, namely
L˜ = 2
λ2
e
(
R− 2λ2Λ)− 1
2 · 4!eF¯µνρλF¯
µνρλ
+λqεµ1µ2···µ11A¯µ1µ2µ3 F¯µ4···µ7 F¯µ8···µ11 , (153)
in the context of the partial gauge-fixing (141). So, the only point that remains
to be done is to check that there are no other solutions.
Let us denote by S˜ the solution to the master equation for the theory with
the standard Lagrangian (153) decomposed according to the power orders of
the coupling constant λ
S˜ = S˜0 + λS˜1 + λ
2S˜2 + λ
3S˜3 + λ
4S˜4 + · · · (154)
and by S the fully deformed solution of the master equation associated with the
free theory (1), consistent to all orders in the coupling constant
S = S¯ + λS1 + λ
2S2 + λ
3S3 + · · · , (155)
such that they respectively fulfill the equations(
S˜, S˜
)
= 0, (156)
(S, S) = 0. (157)
Until now we investigated S¯, S1, and S2 and proved that they coincide with the
standard ones
S¯ = S˜0, S1 = S˜1, S2 = S˜2 (158)
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in the presence of the partial gauge-fixing (141). The question is how unique
are S3, S4, etc. given (155). We will answer this question by showing that
the interactions provided by our deformation procedure can always be brought
to those prescribed by the usual rules from General Relativity via a suitable
redefinition of the constants λ, q, and Λ from (153). More precisely, we will
prove that the fully deformed solution (155) is nothing but (154) up to the
replacements
λ → λ
(
1 + k
(1)
3 λ
2 + k
(1)
4 λ
3 + k
(1)
5 λ
4 + · · ·
)
, (159)
Λ → Λ1 + k
(4)
3 λ
2 + k
(4)
4 λ
3 + k
(4)
5 λ
4 + · · ·
1 + k
(1)
3 λ
2 + k
(1)
4 λ
3 + k
(1)
5 λ
4 + · · ·
, (160)
q → q 1 + k
(3)
3 λ
2 + k
(3)
4 λ
3 + k
(3)
5 λ
4 + · · ·
1 + k
(1)
3 λ
2 + k
(1)
4 λ
3 + k
(1)
5 λ
4 + · · ·
, (161)
with k
(m)
j some arbitrary, real constants.
Our starting point is that (154) and (155) respectively satisfy equations (156)
and (157) together with relations (158). The projection of (154) and (155) on
λ3 emphasizes that S3 and respectively S˜3 are solutions to the equations
sS3 = − (S1, S2) , sS˜3 = −
(
S˜1, S˜2
)
. (162)
Recalling (158) and subtracting the latter equation in (162) from the former we
obtain
s
(
S3 − S˜3
)
= 0, (163)
whose general solution, according to our results from subsection 4.2 (and to the
second equality from (158)), reads as
S3 − S˜3 =
4∑
m=1
k
(m)
3 S˜
(m)
1 . (164)
In the above
(
k
(m)
3
)
m=1,4
are arbitrary, real constants and
(
S˜
(m)
1
)
m=1,4
are the
independent components of the first-order deformation S1 = S˜1 (they individu-
ally satisfy the equation sS˜
(m)
1 = 0)
S˜1 = S˜
(1)
1 + S˜
(2)
1 + S˜
(3)
1 + S˜
(4)
1 , (165)
namely, S˜
(1)
1 represents the first-order deformation of the solution to the master
equation from the Pauli-Fierz sector containing the cubic vertex of the Einstein-
Hilbert Lagrangian (see (47)), but not the cosmological term, S˜
(2)
1 denotes the
interacting part of the first-order deformation (see (77) for k = −1), S˜(3)1 stands
for the first-order deformation in the three-form sector (see (52)), linear in q,
and S˜
(4)
1 means the first-order deformation from the Pauli-Fierz sector that does
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not modify the gauge transformations of the graviton (the cosmological term,
linear in the cosmological constant Λ). By direct computation we find that the
various antibrackets among S˜
(m)
1 read as(
S˜
(1)
1 , S˜
(1)
1
)
= −2sS˜(1)2 ,
(
S˜
(1)
1 , S˜
(3)
1
)
= 0,
(
S˜
(1)
1 , S˜
(4)
1
)
= −sS˜(4)2 , (166)(
S˜
(2)
1 , S˜
(2)
1
)
+ 2
(
S˜
(1)
1 , S˜
(2)
1
)
= −2sS˜(2)2 ,
(
S˜
(2)
1 , S˜
(3)
1
)
= −sS˜(3)2 , (167)(
S˜
(2)
1 , S˜
(4)
1
)
=
(
S˜
(3)
1 , S˜
(3)
1
)
=
(
S˜
(3)
1 , S˜
(4)
1
)
=
(
S˜
(4)
1 , S˜
(4)
1
)
= 0, (168)
where
(
S˜
(m)
2
)
m=1,4
are the components of the second-order deformation of the
solution to the master equation S2 = S˜2 (see (79) and (117)),
(
S˜1, S˜1
)
= −2sS˜2,
respectively induced by the decomposition (165)
S˜2 = S˜
(1)
2 + S˜
(2)
2 + S˜
(3)
2 + S˜
(4)
2 . (169)
Based on the concrete form of the various components from (165) and (169), it
can be shown that their antibrackets can be expressed as(
S˜
(1)
1 , S˜
(1)
2
)
= −sS˜(1)3 ,
(
S˜
(1)
1 , S˜
(4)
2
)
+
(
S˜
(4)
1 , S˜
(1)
2
)
= −sS˜(4)3 , (170)(
S˜
(1)
1 , S˜
(2)
2
)
+
(
S˜
(1)
2 , S˜
(2)
1
)
+
(
S˜
(2)
1 , S˜
(2)
2
)
= −sS˜(2)3 , (171)(
S˜
(1)
1 , S˜
(3)
2
)
+
(
S˜
(3)
1 , S˜
(1)
2
)
+
(
S˜
(2)
1 , S˜
(3)
2
)
+
(
S˜
(3)
1 , S˜
(2)
2
)
= −sS˜(3)3 , (172)(
S˜
(3)
1 , S˜
(3)
2
)
=
(
S˜
(3)
1 , S˜
(4)
2
)
=
(
S˜
(4)
1 , S˜
(3)
2
)
=
(
S˜
(4)
1 , S˜
(4)
2
)
= 0, (173)
where
(
S˜
(m)
3
)
m=1,4
are the components of the solution to the master equation
for the theory with the standard Lagrangian (153) of order three in the coupling
constant, S˜3,
S˜3 = S˜
(1)
3 + S˜
(2)
3 + S˜
(3)
3 + S˜
(4)
3 . (174)
At the same time, the various terms from (165), (169), and (174) check the
individual equations(
S˜
(1)
2 , S˜
(1)
2
)
+ 2
(
S˜
(1)
1 , S˜
(1)
3
)
= −2sS˜(1)4 , (175)(
S˜
(1)
1 , S˜
(4)
3
)
+
(
S˜
(4)
1 , S˜
(1)
3
)
+
(
S˜
(1)
2 , S˜
(4)
2
)
= −sS˜(4)4 , (176)
2
(
S˜
(1)
1 , S˜
(2)
3
)
+ 2
(
S˜
(2)
1 , S˜
(1)
3
)
+ 2
(
S˜
(2)
1 , S˜
(2)
3
)
+2
(
S˜
(1)
2 , S˜
(2)
2
)
+
(
S˜
(2)
2 , S˜
(2)
2
)
= −2sS˜(2)4 , (177)(
S˜
(1)
1 , S˜
(3)
3
)
+
(
S˜
(3)
1 , S˜
(1)
3
)
+
(
S˜
(2)
1 , S˜
(3)
3
)
+
(
S˜
(3)
1 , S˜
(2)
3
)
+
(
S˜
(1)
2 , S˜
(3)
2
)
+
(
S˜
(2)
2 , S˜
(3)
2
)
= −sS˜(3)4 , (178)
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where
(
S˜
(m)
4
)
m=1,4
represent the components of the solution to the master
equation for the theory with the standard Lagrangian (153) of order four in the
coupling constant
S˜4 = S˜
(1)
4 + S˜
(2)
4 + S˜
(3)
4 + S˜
(4)
4 , (179)
i.e.
2sS˜4 + 2
(
S˜1, S˜3
)
+
(
S˜2, S˜2
)
= 0. (180)
The fourth-order deformation of the solution of the master equation associated
with the free theory (1), S4, is solution to the equation
2sS4 + 2 (S1, S3) + (S2, S2) = 0, (181)
which results from (157) (with S developed as in (155)) projected on λ4. Sub-
tracting (180) from (181) and employing (158) and (164) we obtain
s
(
S4 − S˜4
)
= −
(
S˜1, S3 − S˜3
)
= −
(
S˜1,
4∑
m=1
k
(m)
3 S˜
(m)
1
)
. (182)
Inserting (166)–(168) in (182), we further deduce
s
(
S4 − S˜4
)
= s
[
2k
(1)
3 S˜
(1)
2 +
(
k
(4)
3 + k
(1)
3
)
S˜
(4)
2 +
(
k
(2)
3 + k
(3)
3
)
S˜
(3)
2
]
+
(
k
(2)
3 + k
(1)
3
)(
S˜
(1)
1 , S˜
(2)
1
)
+ k
(2)
3
(
S˜
(2)
1 , S˜
(2)
1
)
. (183)
Taking into account the first relation from (167), it follows that the right-hand
side of (183) is s-exact if and only if the constants k
(2)
3 and k
(1)
3 from (164) are
equal
k
(2)
3 = k
(1)
3 . (184)
Substituting (184) in (164) we determine the general expression of the third-
order deformation of the fully deformed solution (155) of the master equation
associated with the free theory (1), S3, in terms of some of the components of
the solution to the master equation for the theory with the standard Lagrangian
(153) under the form
S3 = S˜3 + k
(1)
3
(
S˜
(1)
1 + S˜
(2)
1
)
+ k
(3)
3 S˜
(3)
1 + k
(4)
3 S˜
(4)
1 . (185)
Based on the same result, namely (184), from (183) we infer the equation sat-
isfied by the fourth-order deformation S4
s
[
S4 − S˜4 − 2k(1)3 S˜(1)2 − 2k(1)3 S˜(2)2 −
(
k
(1)
3 + k
(3)
3
)
S˜
(3)
2
−
(
k
(4)
3 + k
(1)
3
)
S˜
(4)
2
]
= 0, (186)
which, according to the general result from subsection 4.2 (see also the argument
leading to (164)), possesses the solution
S4 = S˜4 + 2k
(1)
3
(
S˜
(1)
2 + S˜
(2)
2
)
+
(
k
(1)
3 + k
(3)
3
)
S˜
(3)
2
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+
(
k
(4)
3 + k
(1)
3
)
S˜
(4)
2 +
4∑
m=1
k
(m)
4 S˜
(m)
1 , (187)
where
(
k
(m)
4
)
m=1,4
are some arbitrary, real constants. This ends the first step
of the uniqueness procedure.
Next, we proceed like we did in the above for S3 and S4, but in relation with
S4 and S5. Inserting expansions (154) and (155) respectively into equations
(156) and (157) projected on λ5, we find the equations satisfied by S5 and S˜5
respectively under the form
sS5 + (S1, S4) + (S2, S3) = 0, (188)
sS˜5 +
(
S˜1, S˜4
)
+
(
S˜2, S˜3
)
= 0. (189)
If we subtract (189) from (188) and recall (158), then we infer the equation
s
(
S5 − S˜5
)
= −
(
S˜1, S4 − S˜4
)
−
(
S˜2, S3 − S˜3
)
. (190)
By replacing (185) and (187) into the right-hand side of (190) and by further
calculating the resulting expression with the help of relations (166)–(168) and
(170)–(173), we arrive at
s
(
S5 − S˜5
)
= s
[
2k
(1)
4 S˜
(1)
2 +
(
k
(4)
4 + k
(1)
4
)
S˜
(4)
2 +
(
k
(2)
4 + k
(3)
4
)
S˜
(3)
2
+3k
(1)
3
(
S˜
(1)
3 + S˜
(2)
3
)
+
(
2k
(1)
3 + k
(3)
3
)
S˜
(3)
3
+
(
2k
(1)
3 + k
(4)
3
)
S˜
(4)
3
]
+
(
k
(2)
4 + k
(1)
4
)(
S˜
(1)
1 , S˜
(2)
1
)
+k
(2)
4
(
S˜
(2)
1 , S˜
(2)
1
)
. (191)
The last equation demands that the right-hand side of (191) is s-exact. Due to
the first equation from (167), this is attained if and only if the constants k
(2)
4
and k
(1)
4 are equal
k
(2)
4 = k
(1)
4 . (192)
Substituting (192) back in (187) and (191) respectively, on the one hand we
deduce the general form of the fourth-order deformation of the fully deformed
solution (155) of the master equation associated with the free theory (1), S4, in
terms of some of the components of the solution to the master equation for the
theory with the standard Lagrangian (153)
S4 = S˜4 + 2k
(1)
3
(
S˜
(1)
2 + S˜
(2)
2
)
+
(
k
(1)
3 + k
(3)
3
)
S˜
(3)
2 +
(
k
(4)
3 + k
(1)
3
)
S˜
(4)
2
+k
(1)
4
(
S˜
(1)
1 + S˜
(2)
1
)
+ k
(3)
4 S˜
(3)
1 + k
(4)
4 S˜
(4)
1 (193)
and on the other hand we output the equation that must be fulfilled by the
fifth-order deformation S5
s
[
S5 − S˜5 − 3k(1)3
(
S˜
(1)
3 + S˜
(2)
3
)
−
(
2k
(1)
3 + k
(3)
3
)
S˜
(3)
3
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−
(
2k
(1)
3 + k
(4)
3
)
S˜
(4)
3 − 2k(1)4
(
S˜
(1)
2 + S˜
(2)
2
)
−
(
k
(4)
4 + k
(1)
4
)
S˜
(4)
2 −
(
k
(1)
4 + k
(3)
4
)
S˜
(3)
2
]
= 0. (194)
Using the same arguments like before it results that the general solution to the
last equation reads as
S5 = S˜5 + 3k
(1)
3
(
S˜
(1)
3 + S˜
(2)
3
)
+
(
2k
(1)
3 + k
(3)
3
)
S˜
(3)
3
+
(
2k
(1)
3 + k
(4)
3
)
S˜
(4)
3 + 2k
(1)
4
(
S˜
(1)
2 + S˜
(2)
2
)
+
(
k
(4)
4 + k
(1)
4
)
S˜
(4)
2 +
(
k
(1)
4 + k
(3)
4
)
S˜
(3)
2 +
4∑
m=1
k
(m)
5 S˜
(m)
1 , (195)
with
(
k
(m)
5
)
m=1,4
some arbitrary, real constants. This completes the second
step of the uniqueness procedure.
We reprise the procedure used previously for S4 and S5, but in connection
with S5 and S6. In view of this, we project (156) and (157) on λ
6, respectively,
which provides the equations
2sS6 + 2 (S1, S5) + 2 (S2, S4) + (S3, S3) = 0, (196)
2sS˜6 + 2
(
S˜1, S˜5
)
+ 2
(
S˜2, S˜4
)
+
(
S˜3, S˜3
)
= 0, (197)
and then subtract the above relations one from the other and employ (158),
obtaining
2s
(
S6 − S˜6
)
= −2
(
S˜1, S5 − S˜5
)
− 2
(
S˜2, S4 − S˜4
)
+
(
S˜3, S˜3
)
− (S3, S3) . (198)
Replacing (185), (193), and (195) in the right-hand side of (198) and further
computing its expression by means of relations (166)–(168), (170)–(173), and
(175)–(178), we reach the equation
2s
(
S6 − S˜6
)
= s
[
8k
(1)
3
(
S˜
(1)
4 + S˜
(2)
4
)
+ 2
(
3k
(1)
3 + k
(3)
3
)
S˜
(3)
4
+2
(
3k
(1)
3 + k
(4)
3
)
S˜
(4)
4 + 6k
(1)
4
(
S˜
(1)
3 + S˜
(2)
3
)
+2
(
2k
(1)
4 + k
(3)
4
)
S˜
(3)
3 + 2
(
2k
(1)
4 + k
(4)
4
)
S˜
(4)
3
+2
(
2k
(1)
5 +
(
k
(1)
3
)2)
S˜
(1)
2 + 2
(
k
(1)
3
)2
S˜
(2)
2
+2
(
k
(1)
5 + k
(3)
5 + k
(1)
3 k
(3)
3
)
S˜
(3)
2
+2
(
k
(1)
5 + k
(4)
5 + k
(1)
3 k
(4)
3
)
S˜
(4)
2
]
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+2
(
k
(2)
5 + k
(1)
5
)(
S˜
(1)
1 , S˜
(2)
1
)
+ 2k
(2)
5
(
S˜
(2)
1 , S˜
(2)
1
)
.(199)
On account of the former relation in (167), we conclude that (199) holds (i.e.
its right-hand side is s-exact) if and only if the constants k
(2)
4 and k
(1)
4 are equal
k
(2)
5 = k
(1)
5 . (200)
Based on the last result inserted in (195) and (199), we complete the third step
of our procedure for constructing S and in fact proving the uniqueness of S˜:
we output the general form of the fifth-order deformation of the fully deformed
solution (155) of the master equation associated with the free theory (1)
S5 = S˜5 + 3k
(1)
3
(
S˜
(1)
3 + S˜
(2)
3
)
+
(
2k
(1)
3 + k
(3)
3
)
S˜
(3)
3 +
(
2k
(1)
3 + k
(4)
3
)
S˜
(4)
3
+2k
(1)
4
(
S˜
(1)
2 + S˜
(2)
2
)
+
(
k
(4)
4 + k
(1)
4
)
S˜
(4)
2 +
(
k
(1)
4 + k
(3)
4
)
S˜
(3)
2
+k
(1)
5
(
S˜
(1)
1 + S˜
(2)
1
)
+ k
(3)
5 S˜
(3)
1 + k
(4)
5 S˜
(4)
1 (201)
and meanwhile deduce the equation verified by the deformation of the next order
s
[
S6 − S˜6 − 4k(1)3
(
S˜
(1)
4 + S˜
(2)
4
)
−
(
3k
(1)
3 + k
(3)
3
)
S˜
(3)
4
−
(
3k
(1)
3 + k
(4)
3
)
S˜
(4)
4 − 3k(1)4
(
S˜
(1)
3 + S˜
(2)
3
)
−
(
2k
(1)
4 + k
(3)
4
)
S˜
(3)
3
−
(
2k
(1)
4 + k
(4)
4
)
S˜
(4)
3 −
(
2k
(1)
5 +
(
k
(1)
3
)2)(
S˜
(1)
2 + S˜
(2)
2
)
−
(
k
(1)
5 + k
(3)
5 + k
(1)
3 k
(4)
3
)
S˜
(3)
2 −
(
k
(1)
5 + k
(4)
5 + k
(1)
3 k
(4)
3
)
S˜
(4)
2
]
= 0.(202)
The solution to this equation is written as
S6 = S˜6 + 4k
(1)
3
(
S˜
(1)
4 + S˜
(2)
4
)
+
(
3k
(1)
3 + k
(3)
3
)
S˜
(3)
4
+
(
3k
(1)
3 + k
(4)
3
)
S˜
(4)
4 + 3k
(1)
4
(
S˜
(1)
3 + S˜
(2)
3
)
+
(
2k
(1)
4 + k
(3)
4
)
S˜
(3)
3
+
(
2k
(1)
4 + k
(4)
4
)
S˜
(4)
3 +
(
2k
(1)
5 +
(
k
(1)
3
)2)(
S˜
(1)
2 + S˜
(2)
2
)
+
(
k
(1)
5 + k
(3)
5 + k
(1)
3 k
(3)
3
)
S˜
(3)
2 +
(
k
(1)
5 + k
(4)
5 + k
(1)
3 k
(4)
3
)
S˜
(4)
2
+
4∑
m=1
k
(m)
6 S˜
(m)
1 , (203)
with
(
k
(m)
6
)
m=1,4
some arbitrary, real constants, independent so far. Just like in
the above it can be shown that in fact k
(2)
6 = k
(1)
6 (via establishing a relationship
between S7 and S˜7), etc.
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Replacing (158), (185), (193), and (201) (for k
(2)
6 = k
(1)
6 ) in (155) and re-
grouping the various terms according to the structure of decompositions (165),
(169), (174), (179), we finally obtain
S = S˜0 + λ
(
1 + k
(1)
3 λ
2 + k
(1)
4 λ
3 + k
(1)
5 λ
4 + k
(1)
6 λ
5 + · · ·
)(
S˜
(1)
1 + S˜
(2)
1
)
+λ
(
1 + k
(3)
3 λ
2 + k
(3)
4 λ
3 + k
(3)
5 λ
4 + k
(3)
6 λ
5 + · · ·
)
S˜
(3)
1
+λ
(
1 + k
(4)
3 λ
2 + k
(4)
4 λ
3 + k
(4)
5 λ
4 + k
(4)
6 λ
5 + · · ·
)
S˜
(4)
1
+λ2
[
1 + 2k
(1)
3 λ
2 + 2k
(1)
4 λ
3 +
(
2k
(1)
5 +
(
k
(1)
3
)2)
λ4 + · · ·
](
S˜
(1)
2 + S˜
(2)
2
)
+λ2
[
1 +
(
k
(1)
3 + k
(3)
3
)
λ2 +
(
k
(1)
4 + k
(3)
4
)
λ3
+
(
k
(1)
5 + k
(3)
5 + k
(1)
3 k
(3)
3
)
λ4 + · · ·
]
S˜
(3)
2
+λ2
[
1 +
(
k
(1)
3 + k
(4)
3
)
λ2 +
(
k
(1)
4 + k
(4)
4
)
λ3
+
(
k
(1)
5 + k
(4)
5 + k
(1)
3 k
(4)
3
)
λ4 + · · ·
]
S˜
(4)
2
+λ3
(
1 + 3k
(1)
3 λ
2 + 3k
(1)
4 λ
3 + · · ·
)(
S˜
(1)
3 + S˜
(2)
3
)
+λ3
[
1 +
(
2k
(1)
3 + k
(3)
3
)
λ2 +
(
2k
(1)
4 + k
(3)
4
)
λ3 + · · ·
]
S˜
(3)
3
+λ3
[
1 +
(
2k
(1)
3 + k
(4)
3
)
λ2 +
(
2k
(1)
4 + k
(4)
4
)
λ3 + · · ·
]
S˜
(4)
3
+λ4
(
1 + 4k
(1)
3 λ
2 + · · ·
)(
S˜
(1)
4 + S˜
(2)
4
)
+λ4
[
1 +
(
3k
(1)
3 + k
(3)
3
)
λ2 + · · ·
]
S˜
(3)
4
+λ4
[
1 +
(
3k
(1)
3 + k
(4)
3
)
λ2 + · · ·
]
S˜
(4)
4 + · · · .
It is now clear that the last expression can be written as in (154) (at least in the
first orders in λ) modulo the transformations (159)–(161). The conclusion of this
section is that the deformation procedure for action (153) can be used at proving
in an elegant manner the uniqueness of eleven-dimensional interactions between
a graviton and a three-form gauge field prescribed by General Relativity.
7 Conclusion
To conclude with, in this paper we have generated the consistent interactions
in eleven spacetime dimensions that can be added to a free theory describing a
massless spin-two field and an Abelian three-form gauge field. Our treatment
is based on the Lagrangian BRST deformation procedure, which relies on the
construction of consistent deformations of the solution to the master equation
with the help of standard cohomological techniques. The couplings are obtained
under the hypotheses of smoothness in the coupling constant, locality, Lorentz
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covariance, Poincare´ invariance, and the presence of at most two derivatives in
the interacting Lagrangian. Our main result is that if we decompose the metric
like gµν = σµν + λhµν , then we can couple the Abelian three-form gauge field
to hµν in the space of formal series with the maximum derivative order equal to
two in hµν such that the resulting interactions agree with the usual couplings
between the three-form and the massless spin-two field in vielbein formulation.
Thus, we emphasize the uniqueness of eleven-dimensional interactions between
a graviton and a three-form gauge field prescribed by General Relativity. We
cannot stress enough that the cosmological term is not restricted in this con-
text. Its presence is forbidden only if we add to the present field content other
particles, such as massless gravitini.
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